The following result holds: 
Introduction
One of the main topics considered by mathematicians dealing with evolution partial differential equations is the problem of regularity of solutions. This problem was investigated by many authors, in particular by A. Friedman [FR] , O. A. Ladyzhenskaya, V. A. Solonnikov and N. N. Uralceva [L-S-U], S. Smale [SM] , C. Bardos [BA] . In the context of semi-linear evolution equations of parabolic type, the regularity was studied, e.g., by R. Temam [TE] .
Consider a nonlinear evolution problem of the form
In this paper we study the smoothness of solutions for the Cauchy problem of the type (1.1) with A being an abstract counterpart of an elliptic operator. Our main result is a necessary and sufficient condition of the higher order regularity of solutions for such nonlinear partial differential equation.
In Section 2 we introduce some preliminaries. Section 3 is devoted to the regularity result of Temam [TE] in the case of linear equations. Section 4 contains the main result of the present paper. Finally, the applications and examples are described in Section 5.
Preliminaries
Let if be a real Hilbert space with scalar product (•, 
from D(A) onto H such that its inverse {A~x,D(A~l) = R(A)) is a linear, compact operator in H.
Denote by cr(A) the spectrum of A. Because A is a self-adjoint and positive operator, its spectrum is contained in a positive real axis. Since Re cr(A) > 0, we can define fractional powers of operator A (cf. [CH-D] , [FR] , [HE] , [PA] ). Now, use symbol V a for the domains of , a G M. Two spaces are particularly important in our further considerations; V = V\ called the energetic space and the basic Hilbert space H -VQ. For a > 0 the space V_ a can be identified with the dual (V a )' of space V a .
Besides the scale of Hilbert spaces V A , A G R, consider a family of Hilbert spaces E M , m G N, having the following properties: (2.1) E M+ 1 C E M for any meN, the injection being continuous, EQ = H, (2.2) V m is a closed subspace of E m , meN, the norm induced from E m on V m being equivalent to the norm of V m .
Usually, V m is a subset of E m consisting of all functions, which satisfy appropriate boundary conditions. For example, for m = 2 and the Sobolev space E 2 = H 2 {Q) we will take V 2 = {u G E 2 : u -0 on dQ} = H%(i2) n H 2 {Q). Consider further a linear differential operator A of the order 2r, associated (see (2.5)) with the operator A, and such that:
By A we mean a differential operator, defined on sufficiently smooth functions, while (A,D(A)) is an abstract operator, associated to A that extends A. Validity of the condition (2.4) for elliptic operators is discussed in [TR, p.490, Theorem 5.5.1(b) ].
The spaces E m and V m are of particular importance for the studies of elliptic equations. Similarly, in the case of evolution equations, we define the spaces W M ]
Linear theory
Following R. Temam [TE] , consider the initial value problem (3.1)
The following regularity result is well known: The following remarks will be useful in the sequel: oo By (4.1) the power series a n'r n is convergent, with infinite radius of n=l convergence. Therefore, it is convergent for r = KNq. Hence the considered function series is absolutely convergent in H m (f2)-norm, which shows that The convergence of the last series follows from (4.1) with the coefficient |an|n. Indeed, lim v/|on|n = lim irflaJ = 0, n-»oo n-»oo so that the considered series has the same radius of convergence as (4.1). Therefore F is Lipschitz countinuous on bounded subsets of H m {Q).
Therefore bounded sets of H m (f2)
are bounded also in L°°(f2). because H m (i7) is a Banach algebra. Therefore we have
"-2 / c-2
for fc = 2,..., n and all n > 2. Therefore, we obtain Consider now the problem (1.1) we introduce the following assumption. In particular, for a = ^, we get the solution such that 
.6) -+ A(t)u = f(t) on (0 ,T)
with the initial condition (4.7) it(0) = «o.
For (4.6) we consider a family a(t; •, •) of bilinear continuous forms on V, t G [0,T], associated with the linear operator A(t), setting a(t;u,v) = (A(t)u,v)v,v for u,vGV.

Let these forms have the following properties: (i) For every u, v G V, t a(t; u, v) is a measurable function, (ii) For a.e. t G [0,T], a(t;u,v)
is a bilinear continuous form on V, i.e., there exists 0 < Mt < oo such that |a(i;u,u)| < Afr||u||v||v||v, for every u,v G V, a.e. 
We have the following result similar to Theorem 3.1. Instead the function / depending on t (cf. Section 3), we consider now a function F depending on the solution u. when (4.8) is satisfied. Since E 2 i-2 j C H, we obtain the result.
We shall now prove sufficiency of condition (4.9). Suppose that the condition (4.9) is satisfied. Then ^(0) G H for j = 1,..., I. We will show step by step, from j = 1 to j = I -1, that -solution of (1.1) belongs to W21, i.e. G C([0,r] ; E 2l _ 2j ) for j = 0,..., I. Because of (2.5), the equation (1.1) can be rewritten as 
A(t) = A-F'(u(t)).
The initial condition now reads as Again from (2.4) we obtain u G C([0,T]; E 2 ), whence u G W 2 .
In the second step of recurrence, differentiating (4.11) with respect to t, we obtain a linear equation for ^ Writing U 2 = ^¡t , we get (4.14)
Hence, we again obtain the equation of the form (4.6) which was studied by R. Temam. Since F"(u(t) We omit the proof of the last fact, since the argumentation is analogous.
) <E C([0, T];H) and ^ € C([0, T]\H), we conclude that F"(u(t)){^)
Applications and examples
In this section we describe some nonlinear evolution equations, which arise in chemistry, physics and mechanics, that will serve as examples illustrating Theorem 4.1.
Most of the nonlinear problems are derived from their physico-chemical context. Consider exothermic chemical reactions in combustible materials. The interaction of the chemistry of the species with the basic fluid flow is described by a highly nonlinear, extremely complex, degenerate, quasilinear parabolic system of partial differential equations. Combustible systems composed of gases, liquids, or solids can experience thermal reaction We next study a biharmonic equation {r -2). We assume that i?cR n (n < 3) is a bounded domain of class C 4 . 
Comments
Imposing additional restrictions on the initial data uo , such as smoothness requirements and compatibility conditions, we obtain, through Theorem 4.1, extra space regularity of the solution u(t) for all admissible values t > 0. Proposed approach allows to get arbitrarily high regularity of the local in time solutions to (1.1) provided necessary compatibility conditions hold and sufficiently regular initial data UQ is considered. There are a lot of possible applications of the above results. The main examples here are the solid fuel ignition model called Gelfand problem and the Cahn-Hilliard pattern formation model.
